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1 Introduction 



Let be the Dirichlet Laplacian on a bounded Lipschitz domain 17 C R'^ with boundary 
r = dfl. Then for all A e R \ a{—A^) one can define the Dirichlet-to-Neumann operator 
Da as a self-adjoint operator on L2{T) which can be described by its graph 

Dx = {{g, h) E L2{T) X L2(r) : there exists a, u E H^{^1) such that 

—Au = Xu weakly in Q, u\r = g and d^u = h}. 

Here u\r is the trace of on F and di^u its outer normal derivative, and we identify the 
operator Dx with its graph in a natural way. (See, e.g., [XETI IAE21 KMl [BRl [Danl CM] , 
and the references therein.) 

What is perhaps less well known is that it is still possible to give meaning to Dx 
if A G a-{—A^). In this case there is now a nontrivial solution to —Au = Xu in Q 
with u\r = 0. For simplicity assume that Q has a C^-boundary, so that this solution 
u E Vr^'^(fi). Then for each g E D{Dx), the domain of Dx, there is no longer a unique 
h E L2(T) for which Dxg = h, since h + d^u is obviously also a solution. 

However, if we consider Dx as a graph (which we will do throughout the paper), then 
Dx becomes the graph of a possibly multi- valued operator if A G a{—A^). In order to avoid 
confusion, we will henceforth always use the term 'graph' to mean 'multi- valued operator', 
reserving 'operator' for the single-valued type. It was shown in |AM] that the graph Dx 
is in fact self-adjoint (see Section [3] for the precise definitions), which is a consequence of 
the range condition R{Dx + isl) = L2{T) being satisfied for all s G R \ {0}. In order 
to establish this, one cannot use the usual form methods, since coerciveness (and even 
ellipticity) of the associated form are lost. In |AM] an alternative argument based on 
a Galerkin approximation method given by Gregoire, Nedelec and Planchard |GNPj was 
used. 

The purpose of this paper is to develop a form method which can be used in the above 
setting, whose point of departure may be found in the framework introduced in |AEllRE2] . 
This will allow us not only to give an alternative proof that Dx is a self-adjoint graph, but 
also to establish various other properties of more general 'Dirichlet-to-Neumann graphs'. 

The key component of our work is a new argument which we call 'hidden compactness'. 
It establishes the Fredholm alternative (injectivity implies invertibility) for an operator 
defined by a sesquilinear and continuous but non-coercive form a:V x V ^ C under the 
assumption that a is 'compactly^elliptic', that is, that there exists another Hilbert space 
H and a compact map j E C{V, H) such that a is j-elliptic (see Lemma WA\ . The space H 
and map j may be essentially arbitrary, provided only that the compact ellipticity criterion 
is satisfied, and do not enter into the theory in any other way; hence the 'hiddenness' (and 
the tildes). This result, which we regard as a 'Fredholm-Lax-Milgram lemma', contains 
the classical Fredholm alternative as a special case and may be used as a substitute for 
the usual Lax-Milgram lemma, allowing us to develop a general theory of Dirichlet-to- 
Neumann graphs. Although we will only be considering graphs, we wish to emphasize that 
this Fredholm-Lax-Milgram lemma and its application are new, and possibly of general 
interest, even in the case of (single- valued) operators, as an addition to the general corpus 
of available form-theoretic tools. 

In Section [2] we introduce the motivating example of a Dirichlet-to-Neumann graph 
which will be of especial interest to us, and to which we will repeatedly return throughout 
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the paper. In Section [3] we introduce a number of essential definitions and basic results 
in the study of self-adjoint graphs in order to fix notation and terminology, and to keep 
the paper more self-contained. In Section H] we formally introduce the notion of hidden 
compactness, give our Fredholm-Lax-Milgram lemma, and use it to prove, among other 
properties, that compact ellipticity of the symmetric form a implies self-adjointness of the 
associated Dirichlet-to- Neumann graph A (Theorem 14. 5p . as well as the surprising result 
that A is always bounded below (Theorem I4.13p . We also characterize the single- valued 
part of A (Proposition I4.15P and cast our results in the setting of the (concrete) Dirichlet- 
to- Neumann graph from Section |2j 

The other main topic of interest of the paper, which is the focus of Sections ISHZl is 
the study of 'approximation of graphs', that is, under what conditions one can expect 
convergence of the resolvents and semigroups associated with a sequence of Dirichlet-to- 
Neumann graphs {An)nm- If ^ is a self-adjoint graph, then for all s G R\{0} the resolvent 
(^4 + isl)~^ is a single-valued bounded operator on L2{T). In Section |5] we give a useful 
and natural criterion on a sequence (an)ng]N of forms converging weakly to another form 
a, which implies that lim(j4„ + isl)~^ = {A + isl)~^ strongly, where An and A are 
the associated Dirichlet-to- Neumann graphs (see Theorems 15.31 and I5.1H the latter being 
arguably the deepest abstract result in the paper). In Theorems 15.51 and 15.131 we give 
an analogous criterion on the forms under which the graphs An are uniformly bounded 
below. In fact, it turns out that this property is independent of convergence in the strong 
(even uniform) resolvent sense; it seems that two different subspaces of V associated with 
a, which we denote by W{a) and V{a) (defined in Section Hj), emerge naturally when 
determining resolvent convergence and uniform lower boundedness of the An, respectively. 
We also consider strong convergence of the associated semigroups in Section [61 

As an application to our specific operator/graph Dx we obtain \imx^Xo{Dx + i s = 
{Dxo + i s for all Aq G R, regardless of whether or not Aq G a{—A^). This is the 
subject of Section [7] (see Theorem 17. 3p . where we also prove a similar statement for the 
corresponding semigroups (Theorem 17. 5p . 

Our criterion is also applicable in the far more general setting of a sequence of second- 
order elliptic operators with real symmetric bounded measurable coefficients. If the relevant 
coefficients converge uniformly, then the results from Section O imply that the associated 
Dirichlet-to-Neumann graphs converge uniformly in the resolvent sense, if the limit oper- 
ator in L2{fl) satisfies the interesting additional hypothesis that it possesses the unique 
continuation property (see Theorem 17.70 . This latter property has received much attention 
in the literature. It is known to hold, for example, in two dimensions (Schulz [Schj ) . or in 
higher dimensions if the coefficients are Lipschitz continuous (cf. Kurata |Kur j ) . but not 
in general if the coefficients are only Holder continuous (see |Fil] ) . 

Finally, in Section [HI we consider m-accretive graphs. We prove that if the form a is 
accretive and compactly elliptic, then the associated Dirichlet-to-Neumann graph is m- 
accretive (Theorem 18. ip . 

2 The basic example 

Throughout this paper we consider a basic example, namely the Dirichlet-to-Neumann 
graph Dm associated with —A + m, which arises naturally in the context of what may 
be thought of as the 'classical' Dirichlet-to-Neumann operator. Here we shall explain this 
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basic example in more detail and only afterwards introduce the abstract tools which allow 
us to treat this and also much more general examples. In several instances we shall explain 
the abstract notions and results in terms of this concrete example. 

Let Q C R*^ be a Lipschitz domain, i.e. an open bounded non-empty set such that for all 
z G (9n there exists an r > such that Bi^z^ r) ("1(90 is a Lipschitz graph with Bi^z^ r) fll] on 
one side. On the boundary F = we consider the [d — l)-dimensional Hausdorff measure 
(the surface measure). The space i^2(r) is formed with respect to this measure. We denote 

by 

= {li e L2(Q) : djU e L2{n) for all j e {1, . . . , d}} 

the first Sobolev space with norm = Il'^lli2(n)+X]^=i ll^j'^lliaC!^)- "^^e space Hq{Q) 

is the closure of the space of test functions ^(f^) = C^{Q) in H^{Q). There exists a unique 
bounded operator Tr:H^{Q) -^2(r), called the trace operator, such that 

Tru — u\t 

for ah u G H\n)r]Cm. 

Next we define the normal derivative in a weak form by requiring Green's formula to 
be valid. 

Definition 2.1 Let u G H^{fl) be such that Au G ^2(0) in the sense of distributions. If 
h G L2(r) and 

/ {Au)v+ / Vw-W= / hTrv 
Jn Jn Jr 

for all V G H^{^1), then we call h the normal derivative of u and write d„u — h. (The 
element h is obviously unique if it exists.) We write d„u G -^2(r) if there exists anh E L2(r) 
such that di,u — h. 

Let m G i^oo(0, R)- We denote by — A-^ + m the realization of —A + m with Dirichlet 
boundary conditions, i.e. 

D{-A^ + m) = {ue H^{n) : Au G L2{n)} 

and 

(— A''^ + m)u — — Au + mu 

for all u G D{—A^ + m). This is a self-adjoint operator with compact resolvent. 
Now we introduce our basic example. 

Definition 2.2 Given m G L^{fl,'R), the Dirichlet-to-Neumann graph is defined 

by 

Dm = {{g, h) G L2{T) X ^2(r) '■ there exists a -u G H^(il) such that 

(—A + rnju — 0, Tru — g and d^u — h}. 

If a{—A^ + m), then Dm is the graph of a (single- valued) self-adjoint operator, 
but in general Dm might be multi-valued, i.e. there exists an /i G -^^2(1") with (0, /i) G Dm 
but h 0. Nevertheless, Dm is a self-adjoint graph. We will explain this notion in the 
following section. 
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3 Self-adjoint graphs 



Multi- valued operators play an important role in non-linear analysis (see Brezis |Brel] and 
Showalter |Slio] ) . As mentioned in the introduction, we will use the term graph instead 
of '(possibly) multi- valued operator' and always consider linear graphs in this paper. We 
reserve the term operator for single- valued operators. In this section we give an expository 
account of some basic properties of graphs. 

Let H he a complex Hilbert space. A graph is a subspace of H x H. Let ^4 be a graph. 
Then for each x & H we define A{x) as the set 

A{x) = {yeH: {x,y)eA}. 

Moreover, we set 

D{A) = {x E H : there exists an y E H such that (x, y) G A} and 

R{A) = {y E H : there exists a. x E H such that (x, y) E A}, 

to be the domain and range of the graph A, respectively. The graph A is called surjective 
if R{A) = H. We denote the reflection of A in the diagonal oi H x H hy . So 

At = {{y,x) : {x,y) E A}. 

We call A single- valued if A{x) has at most one element for all x E H. This is equivalent 
to A(0) = {0}. We call A invertible if A^ is single- valued, A is surjective and A is closed. 
If the graph A is invertible then one can define the operator A"^: H H hj A~^y = x if 
{x, y) E A. It follows from the closed graph theorem that A~^ is a bounded operator. If 
A e C then define the graph A + XI hj 

A + XI = {{x,y + Xx) : {x,y) E A}. 

Define the resolvent set p{A) by 

p{A) = {X E C : the graph A — XI is invertible}. 

It is easy to verify the resolvent identity 

(A - A I)-^ -{A-fi I)-^ = (A - ^) (A - A I)-^ {A - /i I)-^ (1) 

for all X, fi E p{A). We say that the graph A has compact resolvent if there exists a 
A E p{A) such that {A — XI)~^ is compact. By ([1]) this is equivalent to {A — XI)~^ being 
compact for all A E p{A). 

We call the graph A symmetric if (x, y)H for all (x, y) E A. The graph A is called 
self-adjoint if A is symmetric and for all s G R. \ {0} the graph A + isl is surjective. 
Finally, a self-adjoint graph is called bounded below if there exists an w G R such that 

{x,y)H + uj\\x\\jj > 

for all (x, y) E A. If u can be taken as 0, then A is called positive. 

Lemma 3.1 Let A be a self-adjoint graph in a Hilbert space H. Then zR\ {0} C p{A). 
Moreover, \\{A + i s I)-'^\\ < for all s G R \ {0}. 
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Proof Let s G E \ {0}. Let x G {A + isiy{0). Then (x, 0) G A + isI. Hence 
(x, —isx) G A. Since A is real one deduces that i s \\x\\j^ = (x, —i s x)h G R. So x = 0. 

If (x, y) G A+i s /, then (x, y—i s x) G A. Therefore (x, y)H+i s ||x||^ = (x, y—i s x)h G 
R and |s| ||x|||^ = | Im(x, y)H\ < \\A\h WvWh- Consequently, |s| \\x\\h < WvWh- This implies 
that A + i s I is closed and hence invertible. Then the norm estimate is obvious. □ 

We list some properties of self-adjoint graphs. 

Proposition 3.2 Let A he a self-adjoint graph. 

(a) The set A is closed in H x H. 

(b) Ifs G R \ {0}, then {{A + isI)-^)* = {A-tsI)-\ 

(c) // (x, y), (m, v) G a, then {u, y)H = {v, x)h- 

(d) A(0) =ker(A + zs/)^^ for a//s G R\{0}. 

(e) The graph A is single valued if and only if {A + i s 1)^^ is infective for all {or for 
one) s G R\ {0}. 



Note that (c) is the condition (m, Bx)h = (Bu, x)h for all x, u G D{B) if A is the graph 
of a self-adjoint operator B in H . 

Let A be a self-adjoint graph. If (x,y) G A then (x,?/ + y') E A for all y' G ^4(0). 
Therefore (x,?/ + y')H ^ R for all y' G ^4(0), which implies that x G ^4(0)"'". So D{A) C 
A(0)^. Define the operator A° in A(0)^ by D{A°) = D{A) and 

A°x = y 

where y G ^(O)"*" is the unique element such that (x, y) G A. We call A° the single- valued 
part of A. 

Proposition 3.3 Let A be a self-adjoint graph. 

(a) The single-valued part A° of A is a self-adjoint operator. In particular, D{A°) is 
dense in ^4(0)"'". 

(b) The graph A is bounded below if and only if the single-valued part A° is bounded 
below. 

(c) // s G R \ {0}, then {A -\- isl)~^ = {A° + isl)~^ © 0, where the decomposition is 
with respect to the decomposition H = A{0)^ © ^(0)- 

Proof Clearly (x, y4°x) G A, so {x,A°x)h G R for all x G D{A°). Therefore A° is 
symmetric. 

Next let s G R \ {0}. Let y G ^4(0)-*-. Since A is a self-adjoint graph, there exists a 
X e H such that (x, y) e A-\-isI. Then x G D{A) = D{A°) and {A° -\- i s I)x = y. Hence 
A° -\- i s I is surjective. Therefore A° is self-adjoint. In particular, A° is densely defined 
and D{A°) is dense in A{0)-^. 

The other statements are easy. □ 

The following converse of Proposition 13.31 is easy to see. 

Proposition 3.4 Let Hi be a closed subspace of H and let B be a self-adjoint operator in 
Hi. Define 

A = {{x,y + Bx) : x G D{B) and y G H^}. 
Then A is a self-adjoint graph and A° = B. 
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4 Self-adjointness via hidden compactness 



The aim of this section is to give a criterion, which we call hidden compactness, to prove 
that a graph is self-adjoint. First we introduce some notation and terminology. 

Let y be a complex Hilbert space and let a: F x — )■ C be a continuous sesquilinear 
form. The form a is called coercive if there exists a /i > such that 

Re a{u) > jj, \\u\\y 

for all u eV, where a{u) = a{u,u). Given a Hilbert space H and j G C(y,H), we recall 
from |AE2] that the form a is called j -elliptic if there are a; G R and /i > such that 

Re a{u) + u \\j{u) ||^ > /i \\u\\y 

for all u E V. If j is the inclusion of V into H, then we also say that a is iJ-elliptic if a is 
j-elliptic. Next we introduce the following expression, which is new. We say the form a is 
compactly elliptic if there exists a Hilbert space H and a compact j G C{V, H) such that 
a is j-elliptic. Clearly each coercive form is compactly elliptic. In the next lemma, which 
we call the Predholm— Lax— Milgram lemma, the coerciveness condition in the original 
Lax-Milgram lemma is replaced by compact ellipticity and an injectivity hypothesis. Thus 
the hypothesis is a kind of hidden compactness, which will be central to establish self- 
adjointness and lower boundedness of our Dirichlet-to-Neumann graphs. However, the 
map j and the space H surprisingly serve no further purpose in the development of the 
subsequent general theory, and are therefore marked with tildes throughout to prevent 
confusion with other maps and spaces. 

Lemma 4.1 Let V be a Hilbert space and a:V x V ^ C a compactly elliptic continuous 
sesquilinear form. Define the operator A:V ^ V by 

a{u,v) = {Au,v)v'xv- 
Suppose that A is injective. Then A is invertible. 

Proof By assumption there exist a Hilbert space H, a compact j G CiV, H) and yU > 
such that Re a{u) + ||i(w)|| ~ > /i for all u E V. There exists a unique Tq G C{V) such 
that a{u,v) = iTQU,v)v for all u,v eV. Define T = Tq + K, where K = j* j is compact 
by assumption. Then Re(Tu,u)v > A^ll^lly and ||Tw||y > ^||tt||y for all u eV. Hence 
T is injective and T has closed range. Similarly T* is injective. Therefore T is invertible. 
Since Tq = T{I — T^^ K) is injective and K is compact, the operator Tq is invertible 
by the Fredholm alternative for (/ — K). This is equivalent to A being invertible. □ 

Remark 4.2 Lemma 14.11 contains the classical Fredholm alternative as a special case. 
In fact, let H he a. Hilbert space and let K G C{H) be compact. Suppose that / + is 
injective. Then I+K is surjective. Just choose V = H, j = K and a{u, v) = {{I+K)u, v) ^ 
in Lemma [4.11 

Not every continuous sesquilinear form is compactly elliptic, as the following simple 
example shows. 



6 



Example 4.3 Let F be a Hilbert space and a:V x V ^ C given by a{u,v) = —{u,v)v- 
Then a is compactly elliptic if and only if V is finite dimensional. Indeed, if i/ is a Hilbert 
space, j G C{V, H) is compact and a is j-elliptic, then there exists an a > such that 
> ll'^lly f*^^ u . Then there exists an G C{H^ V) such that S o j = L 



V- 



So the identity operator Jy on V is compact. 

Compact ellipticity has some useful permanence properties. 

Proposition 4.4 Let V be a Hilbert space and a:V x V ^ C be a continuous compactly 
elliptic form. 

(a) If b: V X V ^ C is a compactly elliptic form, then so is a + b. 

(b) Let K G C{y) be compact. Define b:V x V € by b{u,v) = a{u,v) + {Ku,v)v 
Then b is a compactly elliptic form. 

(c) Let Vi be a closed subspace ofV. Then a|vixVi is compactly elliptic. 

Proof By assumption there exist a Hilbert space H, a compact j G C{V, H) and // > 
such that Rea(ii) + > /i \\u\\y for all u eV. 

Since b is compactly elliptic, there exist a Hilbert space Hi, a compact ji G 



C{y,Hi) and /ii > such that Reb(ii) + > /ii for all u eV. Choose 

H-2 = H ® Hi and j2 = 3 ® ji- Then j2 is compact and a + b is j2-elliptic. 



(b) Choose H^ = H ®V and define G Ciy, H^) by i-i{u) = {j{u), Ku). Then is 



compact. Let u eV . Then 



I / \ I II II 1 1 1 1 II 1 1 2 '^11 1 1 2 

\{Ku, u)v\ < \\Ku\\v \\u\\v < 7;\\u\\y + — \\Ku\\y. 



2" 2/i 

Therefore 

Reb(t.) + (l + ^) \\Mum>^\\u 



and b is js-elliptic. 

The last statement is easy. □ 

Given Hilbert spaces V and H, a continuous form a:V x V ^ C and an operator 
j G C{V, H) we define the graph associated with (a, j) in if x by 

A = {{x,y) E H X H : there exists a, u eV such that 

j('u) = X and a('u, v) = {y,j{v))H for all G l^}. 

We consider A as an abstract Dirichlet-to-Neumann graph. If a is j-elliptic and j{V) is 
dense in H, then A is the graph of a (single-valued) sectorial operator (see [AE2] The- 
orem 2.1). The following is the main result of this section. It is a generation theorem 
where we replace j-ellipticity by the condition that a is compactly elliptic, i.e. we assume 
the existence of a compact operator j E C{V, H) for which the form a is j-elliptic. We 
emphasize that the maps j and j are different in general. 

We need the following subspace of V. For any form a on V and fixed j E C{V, H) 
define 

W{a) = {u E kei j : a{u, v) = for all v eV}. 
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This space is always taken with respect to the map j. The map j, used in compact 
elhpticity, plays no role in the definition of W{a) and the graph A. 

This space will play a decisive role later in Section [5l but it will also be used in the 
proof of Theorem 14.51 Note that if {x,y) G A and uq & V is such that j{uQ) = x and 
a{uQ,v) = {y,j{v))H for all v eV, then 

{u eV : j{u) = X and a{u,v) = {y,j{v))H for all v e V} = uq + W{a). (2) 

Therefore we call W{a) the space of non-uniqueness. 

Theorem 4.5 Let V and H be Hilhert spaces. Let a:V G he a symmetric continuous 

sesquilinear form. Further, let j G C{V,H). Let A be the graph associated with {a,j). If a 
is compactly elliptic, then A is a self-adjoint graph. 

Proof First suppose that W{a) = {0}. 

Let (x, y) G A. Let tt G be such that j{u) = x and a{u, v) = {y,j{v))H for all v E V. 
Then 

ix,y)H = iy,x)H = iyJiu))H = a{u) g R. 

Next let s G R \ {0}. We shall show that A + isl is surjective. Define the sesquilinear 
form b:V X V ^ Ghj 

b{u,v) = a{u,v) + is{j{u),j{v))H. 

Since j is continuous it follows that the form b is continuous. Because a is compactly 
elliptic, there exist a Hilbert space H, a compact j G C{V, H) and // > such that 
a{u) + ~ > \\u\\lr for all ueV. Then 

Reb(M) + ||i(n)||| = a{u) + > ^^\\u\\v 

for all u eV. Therefore b is j-elliptic. Define B:V V by {Bu,v)v'xv = b{u,v). We 
show that B is injective. 

Let u E V and suppose that Bu = 0. Then 

= {Bu,u)v'xv = b{u) = a{u) + i s\\j{u)\\H. 

Since a{u) G R and s G R \ {0} this implies that j{u) = 0. Then for all f G y one has 

= {Bu,v)v'xv = b{u,v) = a{u,v) + i s {j{u), j{v))H = a{u,v). 

So w G W{a) = {0} by assumption. So B is injective and therefore also surjective by 
the Fredholm-Lax-Milgram lemma, Lemma 14.11 Now let y E H. Define a:V — )■ C by 
a{v) = {y,j{v))H- Then a E V since j is continuous. Because B is surjective, there exists 
a (unique) u E V such that Bu = a. Then for all i; G ^ one has 

iyJiv))H = {Bu,v)v'xv = b{u,v) = a{u,v) + i s {j{u)J{v))H = a{u,v) + is{xJ{v))H, 

where x = j{u). So (x, G A + isL This proves that A is a self-adjoint graph if 
W{a) = {0}. 

Finally we drop the assumption that W{a) = {0}. Let Vi = W{a)-^, where the or- 
thogonal complement is in V. Define ai = ajvixVi and ji = j\vi. Then ai is com- 
pactly elliptic by Proposition 14. -^(c)} Let u E W{ai). Then u E Vi, j{u) = and 
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a{u,v) = for all v e Vi. If w e W{a) then a{w,u) = by definition of W^(a). So 
a{u,w) = a{w,u) = 0. Hence by linearity a{u,v) = for all v &V. Therefore u G VF(o). 
So IX e W{a) nVi C W{a) n W{a)^ = {0}. Thus W{ai) = {0}. Let be the graph 
associated with (ai, ji). By the first part of the proof one deduces that Ai is a self-adjoint 
graph. In the next lemma we show that A = Ai. Hence ^4 = is a self-adjoint graph. □ 

To complete the proof of Theorem 14.51 it remains to show the following general fact. 

Lemma 4.6 Let V and H be Hilbert spaces and a:V x V ^ C a continuous symmetric 
sesquilinear form. Let j G C{V,H). Define V\ = W{a)^, Oi = a|y^xVi and ji = j|yj. Let 
A and Ai be the graphs associated with {a,j) and (ai, ji). Then A = Ai. 

Proof 'Ai C A\ Let x,y & H and suppose that {x,y) G Ai. Then there exists a -u G Vi 
such that ji{u) = x and ai{u, v) = {y,ji{v))H for all v G Vi. Let v E V. Write v = w + vi 
with w G W{a) and Vi G Vi. Then j{w) = 0. Moreover, a{u,w) = a{w,u) = 0. So 

a{u,v) = a{u,vi) = ai{u,vi) = {y,ii{yi))H = = iyJiv))H. 

Therefore [x, y) G A. 

^ A C A\ . Let x^y E H and suppose that (x, y) G A. Let m G F be such that j{u) = x 
and a{u,v) = {y,j{v))H for all v G V. Write u = w + ui with w G W{a) and ui G Vi. 
Then a{w, v) = for all v & V and j{w) = 0. So j{ui) = x and 

ai{ui,v) = a{ui,v) = a{u,v) = {y,j{v))H 

for all V ^Vi. Therefore {x,y) G Ai. □ 

Remark 4.7 Under the assumptions of Theorem 14. 51 the space W{a) is finite dimensional. 
Indeed, if if is a Hilbert space, j G C{V, H) is compact and /i > are such that a{u) + 
||i(w)|||^ > [1 \\u\\y, then IIjX'u)!! ~ > /i \\u\\y for all u G W{a). Since i|H/(o) is compact, the 
space W{a) must be finite dimensional. 

In Theorem 14.131 we shall prove that the self-adjoint graph A is bounded below. But 
first we prove that, as for sectorial forms, the associated graph has compact resolvent if 
the map j is compact. 

Proposition 4.8 Adopt the assumptions and notation of Theorem \A.5[ In addition assume 
that the operator j is compact. Then A has compact resolvent. 

Proof Using Lemma 14.61 we may assume without loss of generality that W{a) = {0}. 
Let s G R \ {0}. Let B be as in the proof of Theorem 14.51 Then B is invertible and 
{A + i s I)^^ = j o B~^ o j*. Since j is compact, this resolvent is also compact. □ 

Before proving some additional properties in the situation of Theorem 14. 5[ we show 
that the basic example of Section [2] is a self-adjoint graph with compact resolvent. 

Example 4.9 Let i7 C R"^ be a Lipschitz domain and let m G Looi^, R)- Then 

Dm = {{g, h) G L2{T) X L2(r) : there exists a -u G H^{Vt) such that 

(—A + m)u = 0, Tiu = g and d^u = h}. 
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is a self-adjoint graph with compact 



resolvent. 



To see this, choose H = L2(T), V = H^{fl) and j: H^{Q) L2{T) as the trace operator. 
Define a:V xV ^ Chy 



Then Dm is the graph associated with (a, j). This can be shown as follows. Let g,h & 
L2(r). Suppose that {g,h) is an element of the graph associated with (a,j). Then there 
exists a G H^{Q) such that Tru = g and 



for all V G H^{Q). Taking v G we see that (—A + m)u = 0. Replacing muhj Au in 

(jl]) we deduce that di,u = h. Hence {g, h) G Dm- The converse inclusion is proved similarly. 

We choose as j the inclusion of H^{Q) into L2(n). This is a compact map and a is 
j-elliptic. Now it follows from Theorem 14. 51 that Dm is a self-adjoint graph. Since the trace 
operator is also compact, it follows from Proposition 14.81 that Dm has compact resolvent. 

It is not obvious that Dm is lower bounded. This follows from Theorem 14.131 below, 
which needs further preparation. 

In order to prove that the graph of Theorem 14.51 is bounded below, we need some 
reduction properties which are of independent interest. 

Let V and H be Hilbert spaces, let o: ^ x y — )• C be a continuous sesquilinear form 
and let j G C(y,H). Further, let Vi C y be a closed subspace. We define the restriction 
to the space Vi by ai = aly^^xVi h = j\vi- Let A be the graph associated with (a, j) 
and Ai be the graph associated with (ai, ji). In general there is no relation between A and 
Ai. Even if one knows that A (Z Ai or Ai G A, then it is still possible that the inclusion 
is strict. But if a is compactly elliptic, then so is ai. Hence both graphs are self-adjoint 
and an inclusion implies equality. 

We have to introduce one more space. Let V and H be Hilbert spaces, let a:V xV ^ C 
be a continuous sesquilinear form and let j G C(y, H). Define 



The space ^(a) will be used throughout this paper. Its most important and immediate 
application is that we can consider the form a restricted to this space and still obtain the 
same operator. Thus we only need to consider the functions u eV 'orthogonal' to ker j 
with respect to the form a. 

Proposition 4.10 Adopt the assumptions and notation of Theorem 14.51 Let Vi = ^(a). 

Define Oi = a|y-^xvi and ji = j\vi- Let A\ he the graph associated with (ai,ji). Then 
A = Ai. Moreover, V{ai) = V{a). 

Proof Let {x,y) G A. Then there exists a u E V such that j{u) = x and a{u,v) = 
{y-,j{.v))H for all V eV. In particular, u G V{a) = Vi. Moreover, for all v E Vi one has 
ai{u,v) = a{u,v) = {y,j{v))H = (yy,ji{v))H- Hence {x,y) G Ai. So A C Ai. Since both 
graphs are self-adjoint one deduces that A = Ai. 

Obviously ^(ai) C Vi = V"(a). Conversely, let u G V{a). Then for all v G ker ji one 
has V G kei j and hence ai{u,v) = a{u,v) = 0. So -u G V{ai) and ^(a) C ^(ai). Therefore 




(3) 




(4) 



V{a) = {u eV : a{u,v) = for all v G keij}. 



V{a) = y(oi). 



□ 
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Corollary 4.11 Adopt the assumptions and notation of Theorem 14.51 Let V\ = V{a) fl 
(y{a) n ker j)-*-. Define Oi = alvixVi and ji = j|yj. Let Ai be the graph associated with 
(ai, ji). Then A = Ai. 

Proof By Proposition 14.101 we may without loss of generality assume that V = V{a). 
Let {x,y) G Ai. Then there exists a m e Vi such that ji{u) = x and ai{u,v) = {y,ji{v))H 
for all V G (ker j)-*-. Then u E V = V{a) and a(tt, v) = {y,j{v))H for all v G (ker j)-*-. Also, 
if f G kerj then a{u,v) = = {y,0)H = {y,j{v))H- So by linearity a{u,v) = {y,j{v))H 
for all V E V. Therefore (x, y) E A and Ai C A. By self-adjointness one deduces that 
A = Ai. □ 

We also need the following lemma, which shows that the hidden compactness argument 
does not cover a new situation if j is injective. Note that symmetry of the form a is not 
required in the next lemma. 

Lemma 4.12 Let V be a Hilbert space and a:VxV^Cbea compactly elliptic continuous 
form. Further, let H be a Hilbert space and j G C{V,H). Suppose that j is injective. Then 
a is j-elliptic. 

Proof Because a is compactly elliptic, there exist a Hilbert space H, a compact j G 
C(y,H) and > such that 

Rea{u)+\\j{u)\\l > fi\\ufy 

for all u E V. Choose £ = ^- Since j is compact and j is injective, there exists a c > 
such that < ellwlly + c||i(w)|||^ for all ueV. Then 

Rea{u) >{n-e) \\ufy - c\\j{u)\\l = j l^lMv - c\\jiu)\\l 
for all w G and a is j-elliptic. □ 
Now we are able to prove lower boundedness. 

Theorem 4.13 Adopt the assumptions and notation of T/ieorem 14.51 Then A is bounded 
below. 

Proof Let Vi = V{a) fl {V{a) fl kerj)-*-. Set ai = aly^xvi ii = ilvi- Then A is the 
graph associated with (ai, ji) by Corollary I4.11[ But ji is injective. So Oi is ji-elliptic by 
Lemma |4J^ Hence there exists an M > such that (Xi{u) + M 11^(^)11^ > for all u E Vi. 
Let {x,y) E A. Then there exists a m G Vi such that ji{u) = x and ai{u,v) = {y,j{v))H 
for all V E Vi. Therefore 

{y,x)H = {y,j{u))H = ai{u) > -M\\j{u)\\l = -M 

and A is bounded below. □ 

It is remarkable that the graph A is bounded below, since the form in general is not 
bounded below (i.e. j-elliptic). For example, consider a Lipschitz domain Q, let Af and 
denote the first and second eigenvalue of — A^. Further, let A G (Af , A^) and let Dx be the 



11 



Dirichlet-to- Neumann graph associated with {a,j), where the form a: H^{Q) x H^{Q) C 
is given by 



o(u, f ) = / Vu-Vv — X uv 
Jn Jn 

and j = Tr is the trace operator. Then Dx is a self-adjoint graph which is bounded below 
by Theorem 14.131 But if u is an eigenfunction of — to the eigenvalue Af, then 

aH + M||j(ti)|lL(r)= / |V«P-a/ \u\^ = (X, - X) [ \u\^<0 

Jn Jn Jn 

for all M G R. Thus the form associated with Dx is not bounded below. 

Finally we determine the single- valued part of the self-adjoint graph in Theorem 14.51 
For that we need one more lemma, which is also valid for non-symmetric forms. 

Lemma 4.14 Let V and H he Hilbert spaces. Let a:V xV G be a continuous sesquilin- 
ear form and j G C{y,H) he injective. Suppose that a is j-elliptic. Let A be the graph 
associated with (a,j). Then j{V) = A{0)^, where the orthogonal complement is in H. 
Moreover, the restriction A\j^ is a (single-valued) operator in j{V) which is m-sectorial. 

Proof Let y G ij{V))-^. Then for all v E V one has o(0,v) = = {y,j{v))H- Hence 
(0, y) E A and y G A{0). Conversely, suppose that y E H and (0, y) G A. Then there exists 
a u & V such that j{u) = and a{u, v) = {y,j{v))H for all v E V. Then u = since j is 
injective. Moreover, {y,j{v))H = a(0,f) = for all v &V. So y G {j{V))-^. This proves 
the equality j{V) = A{0)^. 

Let ji. V ^ Hi he the restriction of j, but with co-domain Hi = 74(0)-*". Then ji G 
C{V,Hi) and ji{V) is dense in Hi. By |AE2] Theorem 2.1 one can associate a (single- 
valued) operator Ai with {a,ji). Then Ai is m-sectorial. It is straightforward to see that 
G{Ai) = {Hi X Hi) n A. This proves the lemma. □ 

We are now able to characterize the single- valued part of the self-adjoint graph in 
Theorem 14.51 

Proposition 4.15 Adopt the assumptions and notation of Theorem \A.5[ Let 



Hi=jiVia)), 

where the closure is in H. Then A fl {Hi x Hi) is the graph of the single-valued part of A. 

Proof Since j{V{a)) = j{V{a) fl {V{a) fl ker j)^), this follows from Corollary 14.111 and 
Lemma 14.141 □ 



5 Resolvent convergence 

We now wish to investigate the convergence of a sequence of Dirichlet-to-Neumann graphs, 
where 'convergence' is generally understood to be either of the associated resolvents or the 
semigroups. 

In this section we consider the resolvent convergence lim„_j.oo(^n + i s I)~^ in various 
operator topologies. Although we will generally consider only self-adjoint graphs A^, our 
first result concerns resolvent convergence for arbitrary graphs. 
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Proposition 5.1 Let A, Ai, A2, ■ ■ ■ be graphs. Let A, /i G C and suppose that A, G p{An)r\ 

p{A) for all n G IN. Suppose that sup — A/)^"'^|| < 00 and sup \\{An — < 

00. Finally, suppose that lim„^oo(^n — ^I)^^y = ~ ^I)^^y for all y E H. Then 
lim„^oo(^n - piy^y = {A - fiiy^y for all y E H . 

Proof This follows as in |Kat] Theorem IV. 2. 25. □ 

Let A,Ai,A2, ... be graphs. We say that lim^^oo^n = ^ in the strong resolvent 
sense if lim„^oo(^n — A/)^^ = {A — XI)^^ strongly for one (equivalently all) A G C with 
A G p{An) n p{A) and sup ||(A„ — A/)^^|| < 00. If An and A are self-adjoint, this is 
equivalent to lim„^oo(An + is I)^^ = {A + i s strongly for one (or all) s G R \ {0}. 

Throughout this section we fix Hilbert spaces V, H and H, a continuous map j:V ^ H 
and a compact map j: V ^ H . Further, for all n G IN let a„, a: x y — > C be continuous 
symmetric sesquilinear forms. For all n G IN^ let A^ be the graph associated with (a„,j) 
and let A be the graph associated with (a, j). 

We say that the sequence (a„)„gM is uniformly j-elliptic if there exist > such 
that 

an{u)+uj\\]{u)\\\> p\\u\\l (5) 
for all n G W and u eV . In addition, we say that (a„)„,giN converges weakly to if 

lim an{un,v) = a{u,v) (6) 

n— >-oo 

for all G and u, Ui, U2, ■ ■ ■ E V with limM„ = u weakly in V. 

Clearly, if the sequence (a„)„giN is uniformly j-elliptic and converges weakly to a, then 
the form a is also j-elliptic and satisfies the bounds with a„ replaced by a. Then A„ and 
A are self-adjoint graphs for all G IN by Theorem l4.5[ A natural question is whether these 
conditions suffice to show lim„_>.oo(A„ + is I)^^ = {A + i s I)^^ strongly for all s G R. \ {0}. 

There is a surprisingly simple counter-example which shows that more conditions are 
needed. 

Example 5.2 Choose V = H = C^, H = €, j{u) = ui, j{u) = u, a{u,v) = and 

an{u,v) = ^{UiV^ + U2Vl) 

for all n G I^. Clearly j is compact and the sequence (a„)„giN is uniformly j-elliptic and 
converges weakly to a. An easy calculation gives A = C x {0} and An = {0} x C for all 
n G W. Note that An is multi-valued. If s G R \ {0} then 

{A + isI)'^ = ^J and {An + isl)~^ = 

for all 77, G IN. Therefore lim„^oo(A„ + is I)^^ 7^ {A + i s in any Hausdorff topology 
on C{H). 

To understand this counter-example better, we recall the spaces of non-uniqueness 

W{an) = {u E ker j : a„(M, v) = for all v E V} and 

W{a) = {u E ker j : a{u,v) = for all v E V}. 

In Example 15.21 one has dimVr(a) = 1 whilst dimVF(a„) = for all n G We shall 
show in Proposition 15.91 that in general limsup^^o^ diml4^(a„) < dim W^(a) if the sequence 
(ctn)neiN is Uniformly j-elliptic and converges weakly to a. The first main theorem of this 
section is the following. 
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Theorem 5.3 For alln let a, o„: x 1/ — )• C he continuous symmetric forms. Suppose 
that the sequence (a„)„e]N is uniformly j-elliptic and converges weakly to a. Moreover, 
suppose that W{a) = {0}. Then 

lim {An + is = {A + is 

n— >oo 

strongly for all s ^ R \ {0}. Moreover, if in addition the map j is compact, then the 
convergence is uniform in C{H). 

This theorem wiU be a special case of Theorem 15.111 together with Proposition 15. 9[ 
which we prove later. It will allow us to prove convergence results, not only for our basic 
example, but also for Dirichlet-to-Neumann graphs associated with elliptic operators (see 
Section ED. 

In Theorem 15 . 3 1 one has uniform resolvent convergence if j is compact. Moreover, each 
graph An is lower bounded by Theorem 14.131 Hence it is tempting to conjecture that the 
graphs An are lower bounded uniformly in n G The next example shows that this 
conjecture is false in general. 

Example 5.4 Choose V = H = C^, H = C, j{u) = ui, j{u) = u, a{u,v) = uiv^ + U2Vi 
and 

an{u, V) = UiV^ + U2V1 + ^U2V^ 

for all n G IN". Clearly j is compact and the sequence (a„)„g]N is uniformly j-elliptic and 
converges weakly to a. Moreover, ker j = {0} x C and W{a) = W{an) = {0} for all n G IN". 
So by Theorem 15.31 the sequence (An) converges in the uniform resolvent sense to A. But 

^„ = {(A,-nA):AGC} 

for all n G IN. Hence An is not lower bounded uniformly in n G IN. 

In Example 15.41 one has 

V{a) = {(0,A) : A G C} and 

y(aO = {(--A,A): AgC} 

n 

for all n G IN. So F(a„) Piker j = {0} and y(a) Piker j = {0}xC. Hence dim(T/(a,,)nker j) = 
for all n G W whilst dim(y(a) P ker j) = 1. This, together with Example 15.21 and 
Theorem 15. 3[ suggests that the dimension of the spaces W{a) and VF(a„) is intimately 
connected with the question of whether the A„ converge in the strong resolvent sense, while 
the dimension of V{a) Pker j and V{an) Pker j influences uniform lower boundedness. This 
will be the subject of Theorems 15.111 and 15.131 respectively. As the second main theorem of 
this section, we first give a special case of Theorem l5.13l which is analogous to Theorem l5.3[ 

Theorem 5.5 For a// n G IN let a, a„:VxV^C be continuous symmetric forms. Suppose 
that the sequence (a„)„giN is uniformly j-elliptic and converges weakly to a. Moreover, 
suppose that V{a) P ker j = {0}. Then the graphs An are bounded below uniformly in 
n G IN. 
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We now wish to develop the prerequisites necessary for the proofs of Theorems 15.111 and 
15.131 These are quite similar and much of what follows will be used for both. Throughout 
the remainder of this section we assume, in addition to the assumption that On and a are 
continuous and symmetric for all n G IN, that the sequence (a„)„giN is uniformly j-elliptic 
and converges weakly to a. 

The first lemma is of independent interest. 

Lemma 5.6 Let {un)ne'SN be a sequence in V and u & V . Suppose that lim„_5.ooW„ = u 
weakly in V and lim„_j.oo cin(Mn) = Ot.{u). Then lim„_j.oo'Un = u strongly in V . 

Proof Let n G M. Then 

o-niun -u) = a„(M„) - 2 Re o„(u„, u) + aniu). 

So lima„(M„ — it) = by assumption and the weak convergence of {a.n)n&i- Clearly 
Yrnvjiun — u) = in H. Finally, the uniform j'-ellipticity gives 

At ||m„ - uWl < a„(M„, -u)+u \\j{un - 

for all n G IN and the lemma follows. □ 

Lemma 5.7 Suppose that either 

U = W{a) and t/„ = W^(a„) for all n G IN, or, 

U = V{a) n ker j and [/„ = V{an) fl ker j for all n G IN. 

For a// n G IN let Un G f/„ and let u ^ V . Suppose that lim„_^oo w„, = u weakly in V . Then 
u G U and lim„_j.oo Un = u strongly in V . 

Proof Since j is weakly continuous and Un & Un G ker j for all n G IN, one deduces that 
j{u) = limj(M„) = 0. Moreover, a{u,v) = lima„(w„,,v) for all t> G V^. So u & U in both 
cases. In particular, a{u) = 0. Clearly a„(M„) = for all n G IN. Now use Lemma [5.6[ □ 

By Remark 14.71 we know that the spaces W{a) and W{an) are finite dimensional for all 
n G IN. The same argument also shows that the spaces V{a) fl ker j and V{an) H ker j are 
finite dimensional. The weak convergence of (a„) allows one to compare their dimensions 
in the next proposition. 

Proposition 5.8 Suppose that either 

U = W{a) and f/„ = W^(a„) for all n G IN, or, 

U = V{a) n ker j and t/„ = V{an) H ker j for all n G IN. 

Then 

lim sup dim f/„ < dim U. (7) 

n— >oo 

Moreover, if dim Un = dim U for all n G IN, then for all u E U there exists a sequence 
(tin) new in V such that Un G Un for all n Efi and lim„^.oo Un = u. 
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Proof Let do ^ IN and suppose that do < lim sup dim [/„. We shall prove that do < dim U. 
This imphes ([7]). 

Without loss of generality we may assume that do < dim [/„ for all n G IN. For all 
n G IN let {uni, ■ ■ ■ , Undo} orthonormal set in Un of dimension do- Let i E {1, . . . , do}- 

Then {uni)nm is a bounded sequence in V, so passing to a subsequence if necessary, there 
exists aui E V such that limw^^ = ui weakly in V- Then E U and limw„£ = ui strongly 
in V by Lemma 15. 7[ Since {uni, ■ • ■ , Undo} orthonormal set in V for all n G IN, also 
{ui, - - - , Udo} is an orthonormal set in V, of dimension do- Hence dim U > do- 

For the last statement choose do = dim?7 and fix m G f/. Then the above gives that 
there exists a subsequence {Un,.)k€JM of (f/„)neiN and for all A; G IN there exists a Wfc G f/„^ 
such that limfc_j,oo Uk = u- Hence for all e > there exists an G IN such that for all n G IN 
with n > N there is a v G such that ||v — m|| < B- This implies the last statement. □ 

Proposition 15.81 gives a remarkable inequality for the dimensions of the spaces of non- 
uniqueness if the sequence of forms (an) converges weakly. We state it exphcitly. 

Proposition 5.9 limsupdimVF(a„) < dimVF(a) and also limsup dim(l^(a„) flkerj) < 

n— >oo n— >oo 

dim{V{a) fl ker j). 

Proposition 5.10 Suppose that either 

U = W{a) and f/„ = W^(a„) for all n G IN, or 

U = V{a) n ker j and Un = V{an) fl kei j for all n G IN, 

and that lim„_j,oo dim ?7„ = dimf/. Let u E V and for a// n G IN let Un G Un- If 
lim„^oo Un = u weakly in V, then u G t/"*" . 

Proof Let v E U- By Proposition 15.81 for all n G IN there exists a f„ G f/„ such that 
limz;„ = V strongly in V- Then {un,Vn)v = for all n G IN. Taking the limit n — )■ cxd one 
deduces that {u, v)v = lini(ii„, Vn)v = 0. So m G U-^- □ 

Now we are able to prove our main convergence result, which is the extension of The- 
orem 15.31 to which we have alluded. 

Theorem 5.11 For all n Ef^ let a, an-V x V ^ C be continuous symmetric forms. Sup- 
pose that the sequence (a„)„giN is uniformly j- elliptic and converges weakly to a. Moreover, 
suppose that lim„_j,oo dim VF(a„) = dim W{a) . Then 

lim {An + is ly^ = {A + is J)"^ 

n—>oo 

strongly for all s E M,\ {0}. Moreover, if in addition the map j is compact, then the 
convergence is uniform in C{H). 

Proof Let y,yi,y2, - - - E H and suppose that lim?/„ = y weakly in H- For all n G IN 
define Xn = {An + i s I)~^yn- There exists a Un E V such that j{un) = Xn and 

an{Un,v) = {yn - isXn,j{v))H (8) 

for a\\ V E V- Without loss of generality we may assume that Un E W{an)^ by ([2]). Then 

\\xn\\H < u WVnWH and \an{un)\ = | (?/„ - i s Xn, j (un)) h\ < o Siucc the scqucuce 



16 



(2/n)neiN converges weakly, it is bounded. Let M > be such that ||2yn||_H" < M for all 
n G IN. We shall prove that the sequence {un)n&m is bounded in V . If not, then it follows 
from ([5]) that the sequence (j(tt„))neiN is not bounded in H. Passing to a subsequence if 
necessary, we may assume that lim |||^ = oo. Write A„ = ||j(Mn)|li/ for all n G IN. 

Using again ^ it follows that {j-Un)nm is bounded in V. Passing to a subsequence if 
necessary, it follows that there exists a G such that lim = weakly in V . Then 

\\m^ j{un) = j{uo) strongly in H, since j is compact. Moreover, Hj^Mo)!!// = 1- Using 
and ^ one deduces that 

a{uo, v) = lim Uniy- tin, v) = lim ^{y^-is Xn,j{v))H = 

for all V gV. Moreover, j{uo) = limj(^w„) = lim y- x„ = 0. So Uq G W{a). But also 
Uq G W^(a)"'" by Proposition 15. 101 Hence Uq = 0. But HjXmo)!! = 1- This is a contradiction. 
Hence the sequence {un)nm is bounded in V. 

Passing to a subsequence if necessary, there exists a uq E V such that lim-u^ = uq 
weakly in V. Set Xq = j{uQ). Then lima;„ = limj('u„) = ^("^0) — ^0 weakly in H. Let 
V E V. Using and ([8]) one deduces that 

a{uo,v) = lim an{un,v) = lim {i/n - i s Xn, j{v))H = {y - i s Xq, j{v))H (9) 

n— >oo n— >oo 

for all V E V. So {xq, y — is xq) G A. Then {A + i s I)~^y = Xq. 

Now we prove the part of the theorem concerning strong convergence. Let y E H. 
Choose yn = y for all ?7, G IN. It follows from ([8]) that a„(M„) = {y — isXn,Xn)H = 
{y,Xn)H — is WxnWn for all n G IN". Since a is symmetric, one has a„('U„) G R. Therefore 
■s||a;„|||^ = l^{y,Xn)H for all r?, G W. Similarly, s||xo|||/ = Im(y,xo)_ff by ([9]). Since 
lim{y,Xn)H = {y,xo)H by the weak convergence of {xn)neM, one has lim||xn||^ = ||xo|||^. 
Hence limxn = xq strongly in H. This implies the strong resolvent convergence. 

Finally suppose that the map j is compact. We shall prove that 

lim {An + isiy^ = {A + is 

in C{H). Suppose not. Then passing to a subsequence if necessary, there are £ > and 
2/1,7/2, . . . e H such that WynWn < 1 and \\{An + i s I)~^yn - {A + i s I)~^yn\\H > ^ for all 
n G Passing to a subsequence if necessary, there exists a y G if such that lim?/„ = y 
weakly in H. For all n G IN there exists & Un E V such that jiun) = {An + isl)~^yn 
and an{un,v) = {yn — i s j{un), j{v))H for all v E V. By the above there exists a. u E V 
such that, again passing to a subsequence if necessary, limw„ = u weakly in V and j{u) = 
{A + i s I)~^y- Since j is compact one has 

lim(A„ + i s ly^yn = lim j(^in) = j{u) = {A + is ly^y. 

Moreover, the operator {A + isI)~^ is compact by Proposition 14.51 Therefore 

lim(v4 + i s ly^yn = {A + is I)'^y. 

This is a contradiction. The proof of Theorem 15.111 is complete. □ 

Remark 5.12 Note that actually limM„ = uq strongly in V in the proof of Theorem 15. Ill 
The reason is as follows. If n G W then a„(ti„)+i s = {y, Xn)H and a{uQ)+i s ||a;o||^ = 

{y,xo)H- So lima„,(u„) = a{uo). Now apply Lemma ESI 
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We now prove our main result on uniform lower boundedness, the analogue of The- 
orem [STTT] involving the spaces V{an) H kei j rather than VF(a„). It turns out that this 
property will be needed to prove convergence of the associated semigroups in Section |6l 

Theorem 5.13 For all n ^¥1 let a, a„: x 1/ — )■ C be continuous symmetric forms. Sup- 
pose that the sequence (a„)„giN is uniformly j- elliptic and converges weakly to a. Moreover, 
suppose that lim„_>.oo dim(l^(a„) fl ker j) = dim(y(a) fl ker j). Then the graphs An are 
bounded below uniformly m n G IN. 

Proof Suppose that the graphs An are not bounded below uniformly in n G IN. Then 
for all n G IN there exists a pair {xn,yn) G An such that {yn,Xn)H + '^ll^^nllf/ < 0. By 
Corollary 14.111 for all n G IN there exists a Un G V{an) fl (F(a„) fl ker j)-*- such that 
j{un) = Xn and a„(u„,t;) = {yn,j{v))H for all v G y(a„) n (V(a„) flker j)-^. Then u„ 7^ 0. 
Without loss of generality we may assume that ||i('Un)||^f = 1- Let /i, a; > be as in ([5]). 
Then 

/i \\Unfv + WjMWh < <^n{Un) + UJ ||j(^„)|| | + U ||j(«n)||^ < W = UJ 

for all n G IN. Hence the sequence (M„)„g]N is bounded in V and limj('u„) = in if. 
Passing to a subsequence if necessary we may assume that there exists a m G ^ such that 
limu„ = u weakly in V. Then Hj/Xm)!]^ = 1 since j is compact. Moreover, j{u) = 0, so 
u G ker J. 

Let V G kerj. If n G IN, then a„(tt„,f) = since Un G V{an)- Hence a{u,v) = 
lima„(M„,f) = 0. So M G V{a). Thus u G V{a) fl kerj. 

Next, Un G {V{an) fl ker j)-*- for all n G IN and limM„ = u weakly in V. Therefore 
Proposition 15.101 implies that u G {V{a) Piker j)-*-. Hence u = 0. But = 1. This is 

a contradiction. Hence the graphs An are bounded below uniformly in n G IN. □ 

Now Theorem 15.51 is an easy corollary. Note that Theorem 15.131 also gives a different 
proof of Theorem 14.131 

We next wish to compare briefly the conditions on the dimensions in Theorems 15.111 and 
15.131 through examples, in particular as regards sufficiency and necessity. We first observe 
that the conditions in Theorem 15. IH while sufficient (and arguably somehow natural) for 
resolvent convergence, are not necessary, as the following example shows. 

Example 5.14 Let V = C^, H = C and define j:V ^ H by j{u) = ui. Define the 
forms a and an on V by a{u, v) = uiVi and a„(ti, v) = UiVi + - U2V2 for all ri G M. Then 
A = An = I, W{a) = {0} X C and M^(o„) = {0} for all n G "iN. So clearly lim A„ = A 
uniformly in resolvent sense, but limdimVr(a„) < dimVF(a). 

Similarly, the conditions in Theorem 15. 131 are sufficient for uniform lower boundedness, 
but not necessary. An example is as follows (cf. Example 15. 4p . 

Example 5.15 Choose V = H = C^, H = G, j{u) = ui, j{u) = u, a{u,v) = U1V2 + U2V1 
and 

for all n G W. Clearly j is compact and the sequence (a„)neiN is uniformly j-elliptic and 
converges weakly to o. Moreover, V{an) H kerj = {0} for all n G INf and V{a) fl kerj = 
{0} X C. Hence dim(V^(an) n kerj) = for all n G IN whilst dim{V{a) (1 kerj) = 1. But 

An = {{X,nX):XeC} 

for all n G Hence the An are lower bounded uniformly in n G IN^. 
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We also note that the two conditions are not interchangeable. The following counter- 
example shows that lim„_>oo dim(y(ari) H ker j) = dim(1/(a) fl ker j) is not sufficient for 
strong resolvent converge of the sequence (An) to A. We recall meanwhile that Exam- 
ple EH shows that the condition lim„^oo dim 14^(a„) = dimiy(a) is likewise not sufficient 
for uniform lower boundedness. 



Example 5.16 Let V, H, H, j, j, a and be as in Example 15. 2[ Then the sequence 
of graphs (An) does not converge to A in the resolvent sense. But ker j = {0} x C, 
V{an) = ker j and V{a) = V for all n e IN. So dim(V^(a„) n ker j) = 1 = dim(\/(o) n ker j) 
for all n G IN and the graphs An are bounded below uniformly in n G IN. 

It is possible to reformulate the conditions on the dimensions lim„_j.oo dim W^(a„) = 
diml^(a) and lim„_j.oo dim(V^(a„) flker = dim(1/(a) Piker j) using the concept of the gap 
between two closed subspaces. We define the gap S{M,N) between two closed subspaces 
M and N of H as in Kato p^at] (IV. 2.2), that is, 

S{M,N) = sup d{u,N), 

\\u\\<l 

5{M, N) = max(5(M, N),S{N, M)). 

Lemma 5.17 Suppose that either 

U = W{a) and Un = W{an) for all n G IN, or 

U = V{a) n ker j and Un = X^(o„) n ker j for all n G IN. 

Then limn^oo S{Un, U) = 0. Moreover, let Pu and Pu„ be the orthogonal projection in H 
onto U and Un for all n Then the following are equivalent. 

(i) lim dim U„ = dim U. 



m 



IV 



lim 6iUn, U) 

n— >oo 

lim 5{U, Un) 



0. 
0. 



n— ^oo 

lim Pu„=Pu m C{H). 

n—^oo 



Proof We ffist show that lim„_j,oo <^(f^n, ^) = 0. Suppose not. Then passing to a sub- 
sequence if necessary, there exists an e > such that S{Un,U) > 2e for all n G IN. Then 
for all n G IN^ there exists a m„ G f/„ such that d{un, U) > e and \\un\\ < 1. Passing to 
a subsequence if necessary, there exists a. u & V such that hm-u„ = u weakly in V. By 
Lemma IHTTl it follows that u E U and lim w„ = u strongly in V. So e < d{un, U) < — m|| 
for all n G IN^. This is a contradiction. 

The equivalence ' (ii) (iii) ' is now trivial. 

'(i)^(iii)'. Suppose (i) and not (iii). Then passing to a subsequence if necessary, there 
exists an e > and for all n G INI there exists a f„ G t/ such that \\vn\\ < 1 and d{vn, Un) > s. 
The space U is finite dimensional. So passing to a subsequence if necessary, there exists a 
u E U such that lim Vn = u strongly in U. By Proposition 15.81 and 
exists aun & Un such that limM„ = uinV. Then d{vn, Un) < \\vn—u. 
for all n G IN^. So limd{vn, Un) = 0. This is a contradiction. 



, for all n G IN there 



(ii) 




(i) 




(ii) 




(iv) 



(i) . This follows from [Katj Corollary IV. 2. 6. 



iv) '. This is in [Katj Footnote 1 on page 198. 



□ 
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6 Semigroup convergence 



In this section we consider the semigroup generated by a self-adjoint graph which is 
bounded below. Let A he a self-adjoint graph which is bounded below. For all t > 
define the operator e~^^ by 



l,m((/ + i^)-')" 



Using the decomposition H = A{0) © A{0)-^ one has e"*^ = © e"*^°. We call (e"*^)t>o 
the semigroup generated by A. 

Let A, Ai, A2, ... be self-adjoint graphs. In Theorem 15.111 we provided conditions such 
that [An) converges uniformly to A in the resolvent sense. So one might hope that then 
the semigroups converge too, at least pointwise. In general, however, this is false. 

Example 6.1 Consider Example 15.41 again. Then H = C and e-*^"l = e'^* for alH > 
and n G IN. So lime~*'^"x does not exist in H for any x E H \ {0} and any t > 0. 

The main problem in Example 16.11 is that the sequence of self-adjoint graphs is not 
bounded below uniformly in n G IN. 

Lemma 6.2 Let A, Ai, A2, . . . be positive self-adjoint graphs. Suppose that lim„_^oo An = A 
in the strong resolvent sense. Let C C \ [0, 00) be compact and y E H. Then 

lim {An + XI)-'y={A + XI)-'y 
in H uniformly for all X E K . 

Proof Let n G IN. Then \\{An + XI)~^\\ < if A G C \ R and \\{An + XI)-^\\ <\ii 
X G (0, 00). Similar estimates are valid for A. The resolvent identities ([I]) then imply locally 
uniform convergence in A, and the lemma now follows by a compactness argument. □ 

Theorem 6.3 Let A,Ai,A2, . . . be self-adjoint graphs which are uniformly bounded below. 
Suppose that lim„_^oo An = A in the strong resolvent sense. Then lim„^oo e"*"^" = e~^^ 
strongly for all t > 0. An analogous statement is valid for uniform convergence. 

Proof We may assume that the An and A are positive. Let 7 be the contour in C formed 
by combining the two line segments {A G C : argA = ±^ and |A| > 1} together with 
the arc {A G C : |A| = 1 and |argA| < ^}. Let n G IN. Then + XI)-^\\ < if 
A G C \ R and a similar estimate is valid for A. So 

e-*^"2/=-^ / e'\An + XI)-'ydX 

for all t > and y E H. Now take the limit n — )■ 00 and use Lemma [6.21 □ 
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7 Convergence of Dirichlet-to-Neumann resolvents 
and semigroups 

In this section we give applications of the generation result, Theorem 14. 5[ and the conver- 
gence theorem, Theorem 15.31 Throughout this section i7 C R'^ is Lipschitz with boundary 
r = dQ and we choose j: H^{Q) — )■ L2{T) the trace operator. Moreover, j: H^{Q) — L2{^1) 
is the natural injection throughout this section. 

At first we consider the basic example of Section [21 The following property of unique 
continuation plays an important role. 

Theorem 7.1 Let u e if^(R°') and m e Loo(ltl"',lll). Suppose that -Au + mu = 0. If u 

vanishes on a non-empty open set, then u = 0. 

Proof See ESI Theorem XIII.57. □ 



Let m G L^oi^,^)- This theorem allows us to prove that W{a) = {0} for the basic 
example, where a is as in Q. Recall that a: H^{Q) x H^(Q) — C is given by 

a{u,v) = / Vw ■ + / muv. 
Jn Jn 

Proposition 7.2 One has W{a) = {0}. 

Proof If /: — i- C is a function we denote by /: R'^ — )■ C the extension of / by 0. Note 
that ker j = H^{^). Let u G W{a). Then u G H^i^), -Au + mu = and d^u = 0. 
Since u G Hq(^1) one has u G H^(R'^) and dkU = dkU for all k G {l,...,d} cf. [Bre2] 
Proposition IX.18(iii). Then 



Vu-'Vv+ / muv = Vm ■ Vf + / muv = 

R<* Jw^ Jn Jo. 

for all V G P(R'^). Therefore —Au + m{t = weakly in R"^. Thus it follows from Theo- 
rem [7!T] that -u = 0. □ 

Now we can deduce from Theorem 15.31 the following convergence result. 

Theorem 7.3 Let (m„)„giN he a sequence in Loo(f^,R) and let m G Loo(f^,R). Suppose 
that lim„^oo ""^rt = ^ weak* in Loo(f^,R). Then lim„_^oo(-Dm„ + i s = {Dm + i s 
m C{L2{n)) for a// s G R \ {0}. 

Proof We consider the forms an and a on H^{Q) given by 

an{u,v) = / Vw ■ Vf + / mnuv, (10) 
Jn Jn 



a{u,v) = / Vtt ■ Vf + / muv. (11) 
Jn Jn 

Since the sequence (m„) is uniformly bounded in Loo(^^,R) it follows that the sequence 
(a„) is uniformly j-elliptic. Next, let f G and u,Ui,U2, ■ ■ ■ G H^{Q) with lim?/„ = u 



21 



weakly in H^{Q). Then limM„ = u strongly in .^2(^2) and limit„U = ■ul' in Li{Q). 
Hence lim J^rUnUnV = f^muv. Moreover, lim f^Vun ■ Vf = Vit ■ Vf. Therefore 
lima„(M„,t>) = a{u,v) and we have shown that (a^) converges weakly to a. Now Theo- 
rem ESI gives the result. □ 

Concerning convergence of the semigroups a further condition is needed. Even if the 
functions m„ are constant, the graphs need not be uniformly bounded below, so that 
the semigroups cannot converge strongly by the uniform boundedness principle. We give 
an example. 

Example 7.4 Let (A„) be a strictly increasing sequence in R such that lim A„ = Af, where 
Af is the first eigenvalue of — A^. Choose = — A„ constant and abbreviate Dn := Dm„- 
Then D„ is single-valued. It follows from |AM] Propositions 5 and 3 that the sequence 
{Dn) is not uniformly bounded below. 

If, however, the operator — A^+m is invertible, then the sequence is uniformly bounded 
below. This is the content of the next theorem. Note that — A-^ + m is the operator 
associated with the classical form fl|/^i(f7)xHi(Q) -^2(^), where a is as in (fTTI) . 

Theorem 7.5 Let (m„)„giN be a sequence in Loo{^l,M) and let m G Loo(^^,lR). Suppose 
that lim„_),oo = weak* in Loo{^,^) ■ Moreover, assume that G p(-A^ + m). Then 
the graphs Dm„ are bounded below uniformly in n ^ ¥1 and lim„_^oo e"*'^'"" = e~*'^'" in 
£(L2(r)) for ail t > 0. 

Proof Let a„ and a be as in ([10]) and ([U]). Then V{a) fl ker j = ker(-A^ + m). But 
ker(— A^ + m) = {0} by assumption. Therefore V{a) fl ker j = {0} and the graphs Dm„ 
are bounded below uniformly in ??, G W by Theorem 15. 5[ Now apply Theorems 17.31 and 

□ 

We next consider elliptic operators in divergence form with real symmetric coefficients 
instead of the Laplacian. It is interesting that now the unique continuation property 
depends on the regularity of the coefficients (if d>3) and the equality W{a) = {0} is not 
always valid. 

For all k,l G {l,...,d} let akf.O, — > R be bounded, measurable with aki = aik and 
assume that there exists a /i > such that the uniform ellipticity condition 

d 

J2aki{x)CkCi>fi\^\^ (12) 

k,l=l 

holds for all X E Q and C, G R'^. Moreover, let c G Loo(^^,R). We associate with these 
coefficients the symmetric form a: H^{Q) x H^{Q) — ?■ C given by 

a{u,v)= / ^ an (dku) div + / cuv. (13) 

Then a is j-elliptic. We denote by the self-adjoint graph associated with (a, j). 
We next consider the space VF(a). 



22 



Proposition 7.6 Assume that the second-order coefficients au are Lipschitz continuous 
for all fc, / e {1, . . . , 4 or that d = 2. Then W{a) = {0}. 

Proof By the McShane-Whitney extension theorem each Lipschitz continuous function 
on Q has a Lipschitz continuous extension to R"^. Hence we may assume that the a^i are 
defined on R*^, are Lipschitz continuous, symmetric, bounded and satisfy the ellipticity 
condition fll2l) uniformly for all x G R'', possibly with a different value of /i > 0. Moreover, 
we may assume that aki{x) = Sm for all x E M,^ with large. Arguing as in the proof of 
Proposition 17.21 and using the unique continuation property (see [AKS] Section 5, Remark 
3, or (W) in the Introduction of [Kur] . or [GL] Theorem 1.1) one deduces that W{a) = {0}. 

In case d = 2 Schulz |Sch] proved the unique continuation property without the as- 
sumption that the leading coefficients are Lipschitz continuous. □ 

Triviality of W{a) is a most interesting property. In fact, given s G R \ {0} and 
h G L2{T) we can always find a u E H^{Q) such that 



a{u,v) + is J TtuTiv = J HTtv 

for all V G H^{Q). By our results the trace of u does not depend on the choice of u and 
by definition Tiu = {Da + i s I)^^h. The element u is unique if and only if W{a) = {0} by 

Filonov |Fil] constructed a remarkable example of an elliptic operator with Holder 
continuous real symmetric coefficients on the open ball Q in R^ (even Holder continuous 
of order i/ for every ly G (0, 1)) and a w E V{Q) such that w G W{a) \ {0}. Thus we have 
non-uniqueness of the function u above. By the theorem on unique continuation, these 
coefficients cannot be Lipschitz continuous. 

For Lipschitz continuous coefficients in the limit we can prove the following convergence 
result. 



Theorem 7.7 For all k,l E {1, . . . ,d} and n e let 4"^ G L^{Q, R). Further 
d = 2 and aki G Lod^-, R), or d > 3 and Oki G W^'°°{Vt, R) for all k,l E {1, . . . ,d}. Next 
let On, c E Lao{Q, R) and fix fi > 0. Suppose that a^""* = a[^^ for all k,l E {1, . . . ,d} and 



assume 



k,l=l 



for all X E Q, ^ E R'^ and n G IN. Suppose that lim„^oo ||4"'' ~ (^mWod = for all 
k,l E {l,...,d} and hm„^oo Cn = c weak* in Loo{fl). For all n E define the form 
an-.H^n) X H\n) -^C by 



an{u,v)= / ^ a'-^^dku) div + / CnUV 



and define a as in ( fT3l) . Let An be the graph associated with (a„,j) and A the graph 
associated with (a, j). Then 

lim {An + is = {A + is 

n— >oo 

m C{L2iT)) for allsER\ {0}. 
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Proof By Proposition 17.61 we know that W{a) = {0}. Arguing as in the proof of 
Theorem 17.31 one deduces that the sequence (a„)ne]N converges weakly to the form a. Now 
the claim is a consequence of Theorem 15. 3[ □ 

Adopt the assumptions and notation of Theorem 17.71 Let be the operator in L2(fi) 
associated with the form ci|_H'i(f7)x//i(n)- Assuming that is invertible we can deduce 
uniform convergence of the associated semigroups exactly as in Theorem I7.5[ 

It is remarkable that we can deduce from Proposition 15. 9l that the set of all second-order 
coefficients for which W{a) = {0} is open in the following sense. Let /i > 0. Consider the 
set 

d 

Q = {{ckdki e L^{Q, R)t^^ : ^ki{x) ^fe 6 > lei' for all ^ e R"" and x e Q} . 

k,l=l 

To each c = {cki)ki G Q we associate the form ac- H^{^) x H^(Q) — )■ C defined by 

d „ 

ac{u,v) = ^ / Cki{dku)div. 

Let c ^ Q and suppose that W^(ac) = {0}. Then there exists an e > such that for all 
c E Q with ||c — c\\i^(^Qyxd < 6 one also has the uniqueness property W{ac) = {0}. 



8 Lumer— Phillips by hidden compactness 

In this section we replace the condition that the form a is symmetric with the condition 
that a is accretive. 

We say that a graph A is accretive if Re(x, y) > for all {x, y) G A. The graph A is 
called m-accretive if it is accretive and A + I is surjective. Our point here is that this 
latter condition of surjectivity can be obtained by hidden compactness. More precisely, we 
show the following. 

Theorem 8.1 Let V and H be Hilhert spaces. Let a:V ^ G he an accretive continuous 
sesquilinear form. Further let j G C{V,H). Let A be the graph associated with (a,j). If a 
is compactly elliptic, then A is m-accretive. 

Proof Clearly the graph A is accretive. 

First suppose that W{a) = {0}. We shall show that I + A is surjective. Define the 
sesquilinear form b: V x V ^ C hj 

b{u,v) = a{u,v) + {j{u),j{v))H. 

Then b is compactly elliptic. Define B:V V by {Bu,v)v'xv = b{u,v). We shall show 
that B is injective. Let u E V and suppose that Bu = 0. Then 

= Re{Bu,u) = Rea{u) + \\j{u)\\j, > 

So j{u) = 0. Then for all v G V" one has 

= {Bu,v)v'xv = b{u,v) = a{u,v) + {j{u),j{v))H = a{u,v). 
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So "u G W{a) = {0} by assumption. Therefore B is injective and hence also surjective by 
the Fredholm-Lax-Milgram lemma, Lemma 14. 1[ Now let y & H . Define a: — )■ C by 
a{y) = {y,j{v))H- Then a E V since j is continuous. Because B is surjective, there exists 
a (unique) u E V such that Bu = a. Then for all f G V one has 

iyJiv))H = {Bu,v)v'xv = b{u,v) = a{u,v) + {j{u)J{v))H = a{u,v) + {xJ{v))h, 

where x = j{u). So x G D{A) and {A + I)x = y. This proves that A is m-accretive if 
W{a) = {0}. 

Finally we drop the assumption that W{a) = {0}. There exists a unique T G C{V) such 
that a{u,v) = {Tu,v)v for all u,v eV. Then T is m-accretive. So kerT = kerT*. Hence 
W{a) = kerj fl kerT = ker j fl kerT* = W{a*). Let Vi = W{a)-'-, where the orthogonal 
complement is in V. Define Oi = alvixVi and ji = j\vi- Then ai is compactly elliptic 
too by Proposition I4.^fc)j Let u G VF(ai). Then u G Vi, j{u) = and a{u,v) = for 
all V G Vj . If w G W{a) then w G W{a*) and a*{w,u) = by definition of W{a*). So 
a{u,w) = a*{w,u) = 0. Hence by linearity a{u,v) = for all v eV. Therefore u G VF(a). 
So M G W{a) nVi C W{a) n W{a)^ = {0}. Thus W{ai) = {0}. Let Ai be the operator 
associated to (oi, ji). By the first part of the proof, the operator Ai is m-accretive. Since 
A is accretive, it suffices to show that Ai C A. Let (x, y) E Ai. By definition there exists a 
tt G Vi such that ji{u) = x and ai(M,f) = (y, for all f G Vi. Let G VF(a). Then 

w G VF(a*), so as above one deduces that a{u,w) = 0. So a{u,w) = {y,0)H = {y,j{w))H- 
Then by linearity one has a{u,v) = {y,j{v))H for all v E V. Therefore {x,y) G A and 
Ai C A. This completes the proof of the theorem. □ 

Example 8.2 Let V and H be Hilbert spaces such that V is densely and compactly 
embedded in H. Let a:V x V ^ G he a. continuous accretive form which is if-elliptic. 
Let A be the m-accretive operator associated with a. Next, let H he a Hilbert space and 
T G C{H, H). Define the graph 5 in ^ by 

B = {{x,y) E H X H : there exists a tt G D{A) such that Tu = x and T*y = Au}. 

Then B is m-accretive. The proof is as follows. Define j:V ^ H by j{u) = Tu. Let B2 
he the graph associated with (a, j). Then B2 is m-accretive by Theorem 18.11 

We show that B is accretive. Let {x, y) E B. Then there exists a tt G D{A) such that 
Tu = X and Au = T*y. Therefore 

Re(x, y)jj = Re{Tu, y)fj = Re{u, T*y)H = Re{u, Au) = Re a{u) > 0. 

So B is accretive. 

Next we show that B2 C B. Let {x,y) E B2. Then there exists a. u E V such that 
j{u) = X and a{u,v) = {y,j{v))fj for all v eV. Hence a{u,v) = {y,Tv)jj = (T*y,v)H for 
all V E V. This implies that u E D{A) and Au = T*y. Therefore (x, y) E B. 

Since an m-accretive operator does not have a proper accretive extension, it follows 
that B = B2. 

In Theorem 18.11 the condition that a is accretive cannot be removed in general. An 
example is as follows. 
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Example 8.3 Let V = H = C and H = €. Let o: 1/ x y C be given by a{u, v) = U2W- 
Define j{u) = Ui and jiu) = u. Then a is j-elliptic. The graph associated with (a,j) 
is C X C, which is not lower-bounded in the sense that there is no M > such that 
Re(a;, y)H > —M \\x\\jj for all {x, y) G A. 

Note that for symmetric a we proved lower boundedness in Theorem 14.131 

We conclude with an example of a form o and a map j for which one has hidden 
compactness, but such that the form a is not j-elliptic. 

Example 8.4 Let f2 be a Lipschitz domain such that the boundary F has measure 1. 
Choose V = H\n), H = L2(r) and a{u,v) = J^Vu-Wv. Moreover, define B: L2{T) 
L2{T) hj Bg = g - lr)L2(r) Ir- Then Blr = 0. Choose j = S o Tr. Then a is 
accretive and symmetric. Let A be the graph associated with (ci,j). Then A is self- 
adjoint and m-accretive by hidden compactness. But the form a is not j-elliptic since 
a(ln) + 00 ||j(lf7)|li,(r) = for all ueR. 
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